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An analytical model for the generation of b-delayed c-ray spectra following thermal-neutron-induced
fission of mixed samples of 235U and 239Pu is presented. Using an energy-dependent figure-of-merit to
designate the spectral regions employed in the assay, the unique temporal b-delayed c-ray signatures
are utilized to determine the fraction of 239Pu in a mixed U–Pu sample. By evaluating the b-delayed
c-ray temporal signatures of both 235U and 239Pu within a 3 keV energy bin, traditional sources of system-
atic uncertainty in quantitative assay using b-delayed c-ray signals, such as self-attenuation of the
sample and energy-dependent c-ray detection efficiency, are significantly reduced. The effects of the
time-dependent Compton-continuum and growth of longer-lived nuclides on the quantitative assess-
ment are explored. This methodology represents a promising extension of the conventional means of
analysis for quantitative assay of fissile materials using b-delayed c-ray signatures.
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1. Introduction

There has been increased interest in recent years in the
nondestructive assay of samples of fissile material for the purpose
of quantifying 239Pu material content [1–4]. The spectral depen-
dence of b-delayed c-rays emitted from decaying fission products
of 235U and 239Pu has been established experimentally for time
scales on the order of seconds to minutes [5]. Traditionally, a
sample of fissile material is interrogated with neutrons or photons
and the relative intensities of the b-delayed c-rays emitted from
fission fragments and their decay daughters are used to quantify
the fissile material constituents in the sample [6–8]. Attenuation
of the emitted c-rays within the sample and c-ray detection
efficiency will bias the determination of the relative intensities of
the b-delayed c-ray lines unless these effects are known a priori
and can be accounted for [9]. The minimization of the range
between the energy regions used in forming intensity ratios can
reduce, but never fully eliminate, this systematic bias. The method
presented here provides an approach independent of intensity
ratios via analysis of the temporal response of emitted b-delayed
c radiation from fissile materials. This is accomplished by normal-
izing the information contained in spectral intensity differences
All rights reserved.
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).
such that only temporal differences remain. The temporal response
differences are only affected by the initial population of fission
products and associated lifetimes and not by self-attenuation of
the sample.

An analytical modeling effort was employed to generate b-de-
layed c-ray spectra as a function of time following pulsed thermal
neutron interrogation of both pure and mixed samples of 239Pu and
235U. Regions of interest in the energy-time domain were estab-
lished for identification of the relative 239Pu and 235U content in a
mixed sample. The fraction of the intensity-normalized b-delayed
c-ray signal over an optimized time interval was sampled using
Gaussian statistics to determine the proportion of 239Pu in a mixed
U–Pu sample and associated measurement variance. The basic
principles of the temporal b-delayed c-ray approach are outlined
in Section 2, while Section 3 provides a description of the model
development and utilization. Within a practical implementation,
long-lived nuclide build-up and Compton scatter reduces the sen-
sitivity of the technique. The results for inversion computation
with stochastic effects for the ideal, long-lived nuclide build-up,
and Compton scatter cases are provided in Section 4. Concluding
remarks are given in Section 5.
2. Theory

Thermal neutron-induced fission of 235U and 239Pu produces a
well-characterized direct fission product yield [10]. The chain yield
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Fig. 1. Thermal fission fragment chain yield mass distribution for 235U (solid line)
and 239Pu (dashed line) [10].

Table 1
Long-lived isotopes designated as stable. The uncertainty given is in the least
significant digit(s).

Isotope Half-life (years) Uncertainty

70Zn > 5� 1014

82Se 1:08� 1020 þ26
�6

96Zr > 3:8� 1019

100Mo 1� 1019 �10
128Te 2:2� 1024 �3
130Te 7:9� 1020 �10
136Xe > 2:36� 1021

142Ce 16
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of secondary1 fission fragments (i.e., the percent of fissions which,
after prompt neutron emission, result directly in production of an
isotope of mass A) resulting from the thermal fission of 235U and
239Pu is illustrated in Fig. 1. Radioactive decay of the fission
fragments produces a decay chain, where the progeny, if radioactive,
build up and/or die away as time progresses. The difference in the
b-delayed c-ray intensities arises from the difference in the
independent yields of the fission fragments (i.e., the fraction of
fissions which, after prompt neutron emission, results directly
in that isotope). Fission fragments comprising the light-mass
peak ðA � 80� 110Þ and regions of the heavy-mass peak
ðA � 137� 144Þ, as shown in Fig. 1, are likely to have sufficiently
disparate independent yields in the thermal fission of 235U and
239Pu such that the spectral dependence of the b-delayed c-ray sig-
natures from the decay daughters is clearly distinguishable for the
two fissile isotopes.

The differences in the independent yields can be observed in
both the differences in the intensity and temporal distributions
of the c-ray emission. For a given c-deexcitation of energy Ec,
the peak region count-rate, R, may be expressed as the product
of the c-ray emission rate, the detector peak efficiency, and the
self-attenuation factor:

RðEc; tÞ ¼ NðtÞ � k � Ic � eV ð0; EcÞ � FV ðl; EcÞ; ð1Þ

where N(t) is the amount of the nuclide at time t, k is the decay con-
stant of the nuclide, Ic is the c-ray yield and eV ð0; EcÞ is the detector
peak efficiency with no self-attenuation of the sample. The self-
attenuation factor, FV ðl; EcÞ is defined as

FV ðl; EcÞ ¼
eV ðl; EcÞ
eV ð0; EcÞ

; ð2Þ

where eV ðl; EcÞ is the detector peak efficiency given self-attenua-
tion with an average attenuation coefficient, l [11]. In the limit of
small sample size, FV ðl; EÞ will approach unity and differences in
the total intensity of peak energy regions can be mapped directly
to differences in fission product yields, and thus, to fissile nuclide
content. However, if the sample provides appreciable attenuation
differences for the c-rays of interest and this effect is unknown a
priori, then a systematic bias is introduced. The magnitude of this
systematic error is dependent upon sample composition, geometry
and homogeneity, and may be reduced by the analysis of c-rays
close in energy as to reduce the difference in the self-attenuation
factors. Peak ratio methods suffer the practical limitation of the en-
ergy resolution of the detector, however, one can utilize temporal
differences within a single energy region (whose width may be de-
fined to be on the order of the energy resolution of the detector) to
quantify differences in the fissile material content.
1 For simplicity, fission fragments are considered after prompt neutron emission
throughout the remainder of the text unless otherwise noted.
Differences in the temporal distribution of c-ray emission arise
from differences in the independent yields of the nuclides in the
decay chain(s) that give rise to the nuclide or nuclides that produce
the dominant c-ray(s) in the energy bin of interest. An example of
this phenomenon is given at the end of Section 3. For the cases in
which there is only one dominant c-deexcitation in a given energy
bin that gives rise to a disparate temporal response for 235U and
239Pu, the dominant nuclide is either produced from different fis-
sion fragments and/or stems after branching from multiple decay
chains. In this case, a variation in temporal evolution may occur
and the observation is independent of sample attenuation. When
the energy range of interest contains dominant c-ray emissions
from two or more nuclides, the attenuation bias is minimized by
utilizing c-ray emissions that are closer in energy than the energy
resolution of the detector. It should be noted that this does not re-
duce attenuation bias to zero, but only minimizes it via analysis of
c-ray emissions that are close in energy.

3. Methodology

In order to estimate the temporal response, a model was devel-
oped to predict the probability distribution of b-delayed emission
of c-rays in the energy-time domain using a fine binning of
3 keV and 50 ms. Each of the energy bins were intensity-normal-
ized in order to produce probability distributions in time. Although
higher-order shape components of the response distributions con-
tain information, any practical implementation will be dominated
by the first-order component due to statistical effects.

Consider the following general case of a linear radioactive decay
chain:

N1 ! N2 ! N3 ! � � � ! Nj ! � � � ! Ni ! � � �

Initially, an algorithm was employed to determine the isotopes in-
cluded in a given decay chain. The half-life, decay mode(s), and cor-
responding branching ratio(s) for the first isotope in the decay
chain, N1, were compiled. A branching ratio threshold of 0.01%
was applied such that daughter nuclides with branching ratios of
less than 0.01% were omitted from the decay chain, along with their
associated c-rays and decay daughters. It is assumed that these
nuclides do not significantly contribute to the time-dependent
b-delayed c-ray signal. The daughter isotope, N2, was determined
by the decay mode(s) of the first isotope in the decay chain, N1,
and again the associated decay data were compiled. This compila-
tion of decay daughters and associated decay data proceeded itera-
tively until the nuclide(s) at the end of the chain(s) were stable with
respect to radioactive decay. Due to limited decay data, the long-
lived isotopes listed in Table 1 were designated as stable. This is
reasonable given that the time-scale considered for this analysis is
on the order of seconds. The decay data, which includes the half-life,
> 5� 10
150Nd 1:1� 1019

149Sm > 2� 1015
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decay mode(s), and corresponding branching ratio(s), are obtained
from the updated nuclear decay libraries of the CINDER 2008 acti-
nide transmutation code package [12], the Table of Radioactive Iso-
topes (TORI) [13], the Sigma nuclear reaction database [14] and the
Evaluated Nuclear Structure Data File (ENSDF-2) [15].

Assuming fission occurs at t ¼ 0, the amount of any nuclide, i, in
the decay chain, Ni, present at time t, was determined by the gen-
eralized batch-decay Bateman equation [16]:

Ni ¼
Xi�1

‘¼1

N0
‘ n‘n‘þ1 . . . ni�1

Xi

j¼‘

e�lj tQ
k¼‘
k–j
ðlk � ljÞ

2
64

3
75þ N0

i e�li t; ð3Þ

where the n terms are the partial radioactive decay constants, the l
terms are the full radioactive decay constants, and N0

‘ and N0
i are the

initial amount of the ‘th and ith nuclides in the chain, respectively.
The partial radioactive decay constant, ni, for the ith isotope was
calculated by multiplying the full decay constant for the ith isotope,
li, by the corresponding normalized branching ratio for decay into
the ðiþ 1Þth isotope, as shown below:

ni ¼ li
Ciþ1

Ctot
; ð4Þ

where Ciþ1 is the partial width for decay into the (iþ 1) th isotope
and Ctot is the sum of the decay probabilities for all allowed decay
modes.

The irradiation period was simulated using a d-pulse of neu-
trons at t = 0. For the initial irradiation, fission product indepen-
dent yields from England and Rider [10] were taken as initial
conditions. In the event of a branched radioactive decay chain,
the amount of the ith nuclide in the decay chain at time t, NiðtÞ,
was obtained by summing the amounts generated from the indi-
vidual linear chains. If a nuclide was present in the decay chain
of multiple fission fragments, the amount of that nuclide was ob-
tained from the sum of the various NiðtÞ values from different de-
cay chains. The counting interval spanned 10 s. The total amount of
a given nuclide (in units of atoms per 103 fissions) at the end of the
counting interval was then added to the fission product yields from
England and Rider. This sum was utilized as initial conditions in
Eq. (3) and thus began the next irradiation and counting cycle.

To generate the time-dependent c-ray spectra, it was assumed
that the amount of any given nuclide at some time t� after fission,
Niðt�Þ, is constant over a time bin, Dt ¼ 50 ms, and the kth c-decay
line, Wi;kðEk

c; t
�Þ, was then generated for each c-ray from the decay

of Ni using the following equation:

Wi;k Ek
c; t
�

� �
¼ Niðt�Þ � ki � Ik

c � Dt: ð5Þ

Here, the k index designates each individual c-deexcitation of Ni, ki

is the decay constant of Ni and Ik
c is the intensity of the kth c-ray

with energy Ek
c. A single fission fragment or decay daughter with in-

dex i has kmax Wi;k values associated with it (i.e., kmax is the maxi-
mum number of c-rays emitted in the deexcitation of Ni). Here,
the steady-state approximation is employed (i.e., the amount of
the ith nuclide, Ni, is assumed to not change significantly over the
time bin, Dt). This is reasonable if the half-lives for the decay pro-
cesses governing the production and removal of the ith nuclide
are long when compared with the time bin, Dt. The Wi;kðEk

c; t
�Þ val-

ues were subsequently convolved with a Gaussian function of the
form

GðEÞ ¼ 1
r
ffiffiffiffiffiffiffi
2p
p e�

ðE�Ec Þ2

2r2 ; ð6Þ

where Ec represents the centroid of the peak, and

rðEcÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F�Ec þW2

E

q
2:35

: ð7Þ
Here, F is the Fano factor of the detector, assumed to be 0.129 in this
case, � is 2.96 eV, the average energy required to create an electron–
hole pair in germanium, and W2

E represents the broadening effects
due to electronic noise, approximated as ð2:07 keVÞ2 [17].

The effect of the time-dependent Compton continuum was also
explored. Two scenarios for c-ray detection were considered: an
idealized case, in which effects of the Compton continuum were
neglected, and detection via an ORTEC GEM-10175 coaxial high-
purity Germanium (HPGe) detector (dia. = 46.3 mm, l = 44.2 mm)
with a relative efficiency of 10% at 1.33 MeV. The low efficiency
detector was chosen for modeling a planned experiment; though
not required, high efficiency HPGe detectors are greatly preferred
for the measurements discussed here. For the latter scenario,
Monte Carlo simulations [18] were employed to determine the
area of the Compton continuum, as well as photopeak, single-
and double-escape peak efficiencies, in intervals of 100 keV. The
area of the Compton-continuum and peak detection efficiencies
were fit with six-order polynomials over an energy range of
1–7 MeV and interpolation was accomplished for each Wi;k c-deex-
citation of Ni. The Compton-continuum was incorporated into the
spectra using a constant-intensity shelf-model terminating at the
Compton edge.

Possible sources of error in the time-dependent b-delayed c-ray
spectra generated with this model include:

(i)treatment of the neutron irradiation period as a d-pulse in
time. In a practical experimental scenario, neutron irradiation
will continue for a fixed time period and fission fragments will
be generated over the entire irradiation period. However, if the
irradiation period is short with respect to the time constants for
decay and growth of the isotopes of interest, it is reasonable to
neglect continuous production of fission fragments over the
irradiation period.
(ii)modeling of the Compton-continuum shape as a shelf that
terminates at the Compton edge. Although single- and dou-
ble-escape peaks were included in the model, structure may
be present in the Compton-continuum, particularly in the
energy range near these escape peaks. Omission of the detailed
structure of the Compton-continuum is not expected to affect
the overall conclusions presented here.
(iii)incomplete or inaccurate fission product independent yields
and/or decay libraries. The results of this study are limited by
the accuracy of the available nuclear data.

Further, it is important to note that as the number of irradiation
and counting cycles increases, the growth of long-lived nuclides
will affect the quantitative sample assessment based on the tem-
poral dependence of the b-delayed c-ray signal. To investigate this,
we consider the time-dependent b-delayed c-ray spectrum gener-
ated after a single thermal neutron irradiation and compare this to
the spectrum generated after 1001 irradiation and counting cycles,
as described in detail in Section 4.

For pure samples of both 235U and 239Pu, b-delayed c-ray spectra
were generated after a single irradiation and counting cycle, de-
noted N25ðtÞ and N49ðtÞ, respectively. For each 3 keV c-ray energy
bin, the pure 235U and 239Pu b-delayed c-ray signals were normal-
ized as a function of time over the entire counting interval, denoted
N25

normðtÞ and N49
normðtÞ, respectively. The fraction of the normalized

response over a time interval from 0 to tx s, where tx 6 10 s, was
obtained for both pure 235U and 239Pu signals, defined as

F25 ¼
Z tx

0
N25

normðtÞdt ð8Þ

and



Table 2
The top-ten energy bins, listed by bin centroid, with the highest FOM. The energy bin
width is 3 keV.

Energy bin centroid (keV)

Single neutron pulse 1001 neutron pulses

Idealized Compton Idealized Compton

1217.5 1217.5 1217.5 1217.5
2240.5 1256.5 1259.5 1904.5
1256.5 1259.5 1265.5 1259.5
2435.5 2441.5 1907.5 1220.5
2942.5 1589.5 1220.5 1256.5
2438.5 2240.5 1592.5 1907.5
2441.5 2942.5 1514.5 1091.5
1142.5 1043.5 2435.5 1103.5
2939.5 1169.5 2438.5 1043.5
1760.5 1583.5 1904.5 1088.5
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Fig. 2. The idealized b-delayed c-ray response in intensity per 103 fission events as
a function of time, obtained for a pure sample of (a) 235U and (b) 239Pu, are
represented by the bold solid lines for the top-ranked energy bin of
1217:5� 1:5 keV. The solid and dotted lines correspond to the contributions from
92Kr and 137I, respectively. The dashed line represents the cumulative contribution
of all other nuclides that contribute to the total signal, but comprise less than 10% of
the total signal in the temporal region extending from 0 to tx s, where tx is equal to
2.525 s.
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F49 ¼
Z tx

0
N49

normðtÞdt; ð9Þ

respectively. The tx parameter was determined dynamically for
each 3 keV energy bin by optimizing the figure-of-merit (FOM)
associated with the signal, defined as

FOMðEcÞ ¼
jF25 � F49jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

F25 þ F49
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T25 þ T49

q
: ð10Þ

The first factor in the product on the right-hand-side of the equation
represents the signal-to-noise in the assessment, where the numer-
ator (signal) is the difference in the fraction of counts for pure 235U
and 239Pu obtained in the time interval from 0 up to tx s and the
denominator (noise) is obtained using traditional counting statis-
tics. The second multiplicand in the product is a statistical factor
used to scale the signal-to-noise based upon the intensity of the
non-normalized responses, where

T25 ¼
Z tx

0
N25ðtÞdt ð11Þ

and

T49 ¼
Z tx

0
N49ðtÞdt: ð12Þ

It is important to note that the tx determination and FOM ranking is
based upon assessment of a sample with no a priori knowledge of
the fractional 239Pu content. That is, the FOM assumes a linear scal-
ing of the normalized fraction of the b-delayed c-ray response as a
function of 239Pu content in the sample. This is further discussed in
Section 4.1.

For both a single neutron irradiation and after 1001 neutron
pulses, the energy of the top-ten-ranked energy bins for the ideal-
ized and Compton-included scenarios are given in Table 2. The b-
delayed c-ray signals in the top-ranked energy bin of
1217:5� 1:5 keV, following a single neutron irradiation for pure
samples of 235U and 239Pu, are illustrated by the bold solid lines
in Fig. 2(a) and (b), respectively. The strongest contributing fission
products to the total spectral intensity are 92Kr (thin solid line,
t1=2 ¼ 1:85 s) and 137I (dotted line, t1=2 ¼ 24:5 s). The latter com-
prises more than 10% of the total signal in the temporal region
extending from 0 to tx s for the 239Pu response only, but is present
in the 235U response as a non-dominant contributor (dashed line).
The contribution from non-dominant nuclides in both Fig. 2(a) and
(b) is roughly linear over the entire temporal region probed.

The fission fragments responsible for the 92Kr and 137I fission
products are 92Se, 94Se, 92Br, 93Br, and 92Kr, for the 92Kr isotope,
and 137Sn, 137Sb, 138Sb, 139Sb, 137Te, 138Te and 137I, for the 137I iso-
tope, where 92Kr and 137I could be formed both directly after fission
(after prompt neutron emission) or through the decay of other nuc-
lides. As expected from the thermal fission fragment chain yield
mass distribution for 235U and 239Pu (see Fig. 1), the corresponding
fission fragments have a mass number A in the range from 92–94
and 137—139. The difference in b-delayed c-ray time signatures
arises from the disparate fission fragment independent yields of
the nuclides in the decay chains (listed above) that give rise to
92Kr and 137I (i.e., those isotopes that provide a dominant contribu-
tion to the c-ray spectrum in this energy bin).

4. Results

To generate the b-delayed c-ray spectrum for a mixed sample of
235U and 239Pu, the raw, non-normalized 235U and 239Pu b-delayed
c-ray signals are combined fractionally, as follows:

NmixðtÞ ¼ n½ð1� f ÞN25ðtÞ þ fN49ðtÞ�; ð13Þ

where n is a factor representing the total number of fission events
and f is the fraction of 239Pu in the sample. Because a specific neu-
tron energy spectrum was not assumed, the above treatment ne-
glects the fission cross sections for 235U and 239Pu. In practice, the
b-delayed c-ray spectra obtained from the analytical model in units
of intensity per 103 fissions must be scaled by the energy-depen-
dent fission cross section integrated over the relevant neutron en-
ergy spectrum. For the top-fifty 3 keV energy bins, as determined
by the FOM ranking, the mixed signal, NmixðtÞ is normalized over
the 10 s interval and integrated over the temporal region up to
the tx value associated with that energy bin. The signal is defined
as a Gaussian sampling of the fraction of the normalized response
over a time interval from 0 up to tx s. That is,

Fmix ¼
R tx

0 NmixðtÞdtR 10s
0 NmixðtÞdt

: ð14Þ

For the top-fifty energy bins, as determined by the FOM ranking,
with n ¼ 106, the normalized fraction of the b-delayed c-ray spec-
trum for a mixture of 235U and 239Pu, determined over a time inter-
val from 0 up to the associated tx value, was sampled with Gaussian
statistics for 10; 000 trials. That is, a single trial consists of sampling
all of the top-fifty energy bins once and solving for the normalized
fraction. A number of identical trials were obtained to provide the
expected variance in the measurement. Based upon the normalized
fraction of the b-delayed c-ray spectrum, an assessment of the 239Pu
fraction in the mixed sample, as well as the associated uncertainty,
is obtained.
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Fig. 4. The normalized fraction of the b-delayed c-ray response obtained from a
single pulse, idealized scenario for the (a) 1217:5� 1:5 keV, (b) 2240:5� 1:5 keV,
and (c) 2699:5� 1:5 keV energy bins as a function of the percent of 239Pu in a mixed
sample. Note the zero-suppressed ordinate axes.
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from the FOM-derived top-fifty-ranked energy bins. The solid line is a Gaussian fit
of the data with a mean of 47.38% and FWHM of 9.02%.
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4.1. Idealized case for a single d-pulse of neutrons

The probability for obtaining a given normalized fraction of the
b-delayed c-ray spectrum in the top-ranked 1217:5� 1:5 keV en-
ergy bin via a single neutron irradiation, neglecting Compton scat-
tering, was sampled with Gaussian statistics for 10,000 trials. The
normalized fraction of the b-delayed c-ray signal was determined
for a 50% mixture of 235U and 239Pu, integrated over a time interval
from 0 up to the tx value of 2.525 s. A Gaussian fit of the sampled
data with a mean, �x, of 0.568 and a full width at half maximum
(FWHM) of 0.001 was obtained. The normalized fraction of the
mixed b-delayed c-ray signal was utilized to determine the per-
centage of 239Pu in a mixed sample. This process was repeated
for the top-fifty-ranked energy bins and the probability for deter-
mining a given 239Pu fractional sample content, as obtained from
the b-delayed c-ray spectral data via a single neutron irradiation,
neglecting the effects of Compton scattering, is illustrated in
Fig. 3. The data points represent a sampling with 10,000 trials for
a 50% mixture of 235U and 239Pu. The solid line is a Gaussian fit of
the sampled data with �x ¼ 49:98% and FWHM ¼ 0:61%. This cor-
responds to a 239Pu content in the sample of 49:98� 0:26%, repre-
senting excellent agreement with the 50% 239Pu sample content in
the simulated b-delayed c-ray spectral response for an idealized,
single irradiation scenario. The analysis was repeated for a mixed
U–Pu sample of 10% 239Pu and 90% 239Pu with assessed 239Pu sam-
ple contents of 9:97� 0:36% and 89:99� 0:17%, respectively.

Fig. 4(a) showcases the variation in the normalized fraction of
the mixed b-delayed c-ray signal as obtained from the temporal
signal in the 1217:5� 1:5 keV energy bin as a function of the per-
centage of 239Pu in a mixed sample. As mentioned above, ranking of
the top energy bins for assessment of the temporal and spectral
dependence of the b-delayed c-ray signal via the FOM is based
upon the assumption of linear scaling of Fmix with the fractional
239Pu sample content. However, as indicated in Fig. 4(a), non-lin-
earities exist in the normalized fraction of the mixed b-delayed
c-ray spectrum as a function of the percentage of 239Pu in a mixed
sample. Here, the curvature of the normalized fraction of the mixed
b-delayed c-ray spectrum as a function of the percentage of 239Pu
is greater for high 239Pu content. That is, for this energy bin and
simulated data, the non-linearities result in a more accurate
assessment for high 239Pu content samples.

Now consider, in contrast, the normalized fraction of the
b-delayed c-ray response obtained from an idealized, single irradi-
ation for the 2240:5� 1:5 keV and 2699:5� 1:5 keV energy bins as
a function of 239Pu sample content, graphically illustrated in
Fig. 4(b) and (c), respectively. Fig. 4(b) shows a roughly linear rela-
tionship between the normalized fraction of the mixed b-delayed
c-ray signal as a function of the percentage of 239Pu in a mixed
sample and thus, should provide reasonable assessment of the
fractional 239Pu content regardless of the sample composition. In
contrast, Fig. 4(c) showcases a highly non-linear relationship be-
tween the normalized fraction of the mixed b-delayed c-ray signal
and the percentage of 239Pu in a mixed sample, which would be
more appropriate for assessment of low 239Pu content samples. Gi-
ven the possible non-linearities in the normalized fraction of the
mixed b-delayed c-ray signal as a function of the percentage of
239Pu in a mixed sample, an iterative approach is suggested in
which the value of the 239Pu fraction in the mixed sample obtained
from the first iteration is used to determine newly optimized val-
ues of tx values and ranking of energy bins. The assessment is re-
peated until the derived percentage of 239Pu in the mixed sample
converges.
4.2. Effects of the Compton-continuum

The probability for determining a given 239Pu fractional sample
content, as obtained from the b-delayed c-ray spectral data in the
top-fifty-ranked energy bins via a single neutron irradiation, and
including the effects Compton scattering, is illustrated in Fig. 5.
The data points represent a sampling with 10,000 trials for a 50%
mixture of 235U and 239Pu. The solid line is a Gaussian fit of the data
with �x ¼ 47:38% and FWHM ¼ 9:02% and thus, we derive a frac-
tional 239Pu content in the sample of 47:38� 3:84%.

The increased uncertainty in this assessment relative to the
ideal scenario is due, in part, to the decreased intensity of the
non-normalized, time-dependent, b-delayed c-ray responses. For
the top ranked energy bin of 1216–1219 keV and pure samples
of both 235U and 239Pu after a single neutron irradiation, shown
in Fig. 6(a) and (b), respectively, a decreased total b-delayed c-
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Fig. 6. The b-delayed c-ray responses, including the effects of Compton scattering,
in intensity per 103 fission events as a function of time, obtained for a pure samples
of (a) 235U and (b) 239Pu after a single neutron irradiation, are represented by the
bold solid lines. The solid and dotted lines correspond to the contributions from
92Kr and 137I, respectively. The dashed line represents the cumulative contribution
of all other nuclides that contribute to the total signal, but comprise less than 10% of
the total signal in the temporal region extending from 0 to tx s.
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Fig. 7. The b-delayed c-ray responses in intensity per 103 fission events as a
function of time, with the effects of Compton scattering included, obtained for a
pure samples of (a) 235U and (b) 239Pu after 1001 neutron pulses, are represented by
the bold solid lines. The solid and dotted lines correspond to the contributions from
92Kr and 137I, respectively. The dashed line represents the cumulative contribution
of all other nuclides that contribute to the total signal, but comprise less than 10% of
the total signal in the temporal region extending from 0 to tx s, where tx is equal to
2.275 s.
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ray intensity (solid bold line) is observed. Here, the strongest con-
tributing fission products to the total spectral intensity are again
92Kr (thin solid line) and 137I (dotted line). However, the relative
contribution of non-dominant nuclides (i.e., those nuclides that
contribute to the signal, but comprise less than 10% of the total sig-
nal in the temporal region extending from 0 to tx s, where tx is
equal to 2.675 s) is increased compared to the idealized, single
neutron irradiation scenario illustrated in Fig. 2. For a single neu-
tron irradiation, the number of nuclides present as non-dominant
contributors in the idealized scenario is 187, compared to 216
non-dominant nuclides for the Compton-included scenario.
Although the uncertainty in the assessment is larger due to the
time-dependence of the Compton continuum, we still obtain
agreement within one standard deviation with the simulated
239Pu sample content of 50%. Nonetheless, the data suggest that
Compton-suppression of the b-delayed c-ray signals will result in
a quantitative assessment of the 239Pu sample content with de-
creased uncertainty. This could be accomplished, for example, by
utilizing an annular bismuth germanate shield mounted at the rear
face of the germanium crystal.

4.3. Effects of longer-lived nuclides

An assessment of the 239Pu fractional sample content was re-
peated for both the idealized and Compton-included scenarios
after 1001 neutron pulses (corresponding to approximately
2.8 h). Using the top-fifty-ranked energy bins, the normalized frac-
tion of the mixed b-delayed c-ray signal, obtained after 1001 irra-
diation and counting cycles, was utilized to determine the
percentage of 239Pu in a mixed sample. The probability distribution
for assessing a given 239Pu fractional sample content, neglecting
the effects of Compton scattering, was obtained using a sampling
of 10,000 trials for a 50% mixture of 235U and 239Pu. A Gaussian
fit of the sampled data was obtained with �x ¼ 50:00% and
FWHM ¼ 0:38%. The assessed 239Pu content in the sample of
50:00� 0:16% again represents excellent agreement with the sim-
ulated 50% 239Pu sample content.

The effects of Compton scattering on the assessment of the
239Pu fractional sample content was investigated following 1001
neutron irradiation and counting cycles. Using a sampling of
10,000 trials for a 50% mixture of 235U and 239Pu, a Gaussian fit of
the data was obtained with �x ¼ 48:98% and FWHM ¼ 5:99%. The
derived fractional 239Pu sample content of 48:98� 2:54% provides
an accurate assessment of the simulated 239Pu sample content of
50%. The decreased uncertainty in the assessment, relative to the
Compton-included, single neutron irradiation scenario, is primarily
due to improved statistics (i.e., increased intensity of the b-delayed
c-ray signal).

To explore the effect of the growth of longer-lived nuclides on
the temporal dependence of the b-delayed c-ray signal, the stron-
gest contributing nuclides to the top ranked energy bin of 1216–
1219 keV were determined for a Compton-included scenario after
1001 neutron pulses. This is illustrated graphically in Fig. 7 for pure
samples of both (a) 235U and (b) 239Pu. The bold solid line repre-
sents the total signal and the solid and dotted lines correspond
to the contributions from 92Kr and 137I, respectively. In contrast
to the b-delayed c-ray signal from pure 235U after a single neutron
irradiation, the 137I represents a dominant contribution after 1001
neutron pulses. However, the contribution is roughly linear with
time and thus, does not significantly contribute to the quantitative
assessment. The dashed line represents the cumulative contribu-
tion of all other nuclides that contribute to the total signal, but
comprise less than 10% of the total signal in the temporal region
extending from 0 to tx s. The contribution of longer-lived nuclides
is non-linear at short time scales and more prominent after ex-
tended neutron irradiation and counting cycles (compare Fig. 7
with Figs. 2 and 6). The temporal dependence of the signal remains
dominated by the contribution from 92Kr. It is the difference in the
temporal dependence of the b-delayed c-ray signals from 235U and
239Pu that gives rise to the quantitative assessment and this differ-
ence, arising from the disparate fission fragment independent
yields, is preserved.

5. Conclusions

The temporal dependence of the intensity of the delayed c-ray
signal in different energy bins provides novel isotopic-dependent
signatures for the quantitative assay of 239Pu and 235U content in
a mixed sample. However, the time-dependent effects of the
Compton continuum serve to increase the uncertainty in the assay
of the fractional 239Pu sample content. Given that the relative
intensities of b-delayed c-rays of significantly different energies
are not used for the determination of the fractional 239Pu sample
content, effects due to variation of detector efficiency or attenua-
tion of the emitted c-rays in the sample are minimized, effectively
removing what was formerly one of the largest sources of system-
atic uncertainty in the conventional quantitative assay of complex
samples (e.g., inhomogeneous samples containing multiple fissile
nuclides [19]) using photon interrogation. In addition, it is not re-
quired that c-decay lines are unobscured by other peaks, because
the cumulative temporal response is comprised of the b-delayed



D.H. Chivers et al. / Nuclear Instruments and Methods in Physics Research B 269 (2011) 1829–1835 1835
c-ray signals emitted from several fission fragments and their de-
cay daughters. Provided c-rays are sufficiently penetrating to read-
ily escape the sample, this innovative methodology can be applied
to samples containing other fissionable isotopes. This means of
analysis represents a first-order correction to the traditional spec-
tral analysis of b-delayed c-ray signatures and provides a potential
pathway to the quantitative assay of 239Pu content in spent fuel
and for quantitative nuclear forensic applications. However, empir-
ical validation of this methodology and experimental feasibility of
the method using both pure and mixed samples of U–Pu must first
be demonstrated.
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